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Abstract

We stady the statistical testing of random eHects in the Balanced [ncomplete Block
Design by wsing the Locally Mest Powerful Rank Test and some assumptions. The Lo-
pistie case baving linear relationship with the statistic desived by Durbin for testing uo
sonns fmedians differences amaong freatments are also derived,

1 Introduction

IF ome wishes to investigate a sot of ¢ treatments but blocks of size ¢ are not available, i.e. there
st homogenvous hlocks of size & < ¢, or can be constructed, the an incomplete blork design
15 compulsory.

Definition 1 A4 Baelanced Incomplete Block Design (BIBD) is an caperismental sefup where ¢
treatments are to be allocated to b blocks in sich a way that: (i) Each block contains k& < o
treatyients. (i) Each treatment appears e exactly v bocks. (i) Every pair of treatments
occurs tagether i A Mocks; that is, every pair of treatments appears together equally often.

It follows, for every BIBD, that A < r < b, The BIBD ¢an be characterized by five numerical
alues: A ook, and ¢ Another inequality for the BIBD, as stated in the definition, is & < ¢
Two important equalities ave ye = bk and AMe — 1) =r(k — 1),

The number re represents the number of times all treatments appear in the experiment
which iz equal to the total number of experimental units (b)), Consider the blocks where o
specilic treatment oveurs, say treatment 3. Besides this treatment there are Ae — 1} other
treatment units in these blocks becanse each of the other ¢ — 1 treatments must oceur A times
with treatment 3. Bul treatment 7 must appear in > blocks cach containing & — 1 units othet
than the one on which treatment j occurs.  The product, rik — 1), represents the number of
nnits available for the Ae — 1) “other treatments’.

BIBD always exists for any values of ¢ and k. One can continue by adding blocks of
size & until the conditions in the definition hold, but BIBD obtained in this manner may get
prohibitively Large. Possible values of A b amd # for BIBD can be obtained for any given values
of & and ¢; but not all values obtained i this way lead to BIBD; multiples of A, b and » may be
rouired. Block compositions conld also be formed to constrnct the BIBD by trial and error,
eventhough in general it is a difficnlt task,
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Durbin (1951) proposed a statistic for testing the null hypothesis of no diffcrences among
treatments [means or medians) in the balanced incomplete block design as follows:

o & 2 &
D= m%ﬁ [Zl "u] - iy
= =

A statistic for testing the hypothesis of no difference between ¢ treatments in the two-way
fixed effects model by ranks was derived by Friedman: while Anderson propesed a nonparametric
statistic for testing the consistency in randomized block experiment. The parametric statistic
for testing similar hypothesis of no treatment effect

The parametric approach in data analyses sometimes cauzes problems. The assumption
that the random ervors are normally distributed i not always true, and the normality of the
random variables of interest can be more questionalile, because these variables are not directly
ohserved,

T this paper we would like to study o statistic for testing the similar hypothesis in BIBD
when we have fixed block effects and random treatment effects based on vank. Nogroho and
Govindieajul (1999) has derived the statistic for testing the random effects in two-way exper-
iment with one ohservation per ccll.

2  Notations and Assumptions

Randomization is done within each block, Thus. since each bloek having size k. then the toal
number of ohservation in cach block is & Therefore, the rank in cach block ranges from 1 o k.
Lot us denote X the ebservation in ith block receiving jth treatment and W) < " <

R "',f" the order sample of the varables Xy, 7= 1,2, .0 i = 1.2,..0. Also denote the
f: sample rank order for the ath block as follows:

JARES (Z{”.Zi"’. ....Z{')) where Z:,'.) = j jika H",(,:’ = Xujy

5o, for each block there are k! possible rank orders. Now consider Z = (Z” AL AL

Let = denote any possible realization of the (£ possible rank orders. The model for the scheme
15

Xigy=pt FibYides i=10L2,000 §=1,2.¢
¥y has distribution G and ¢, has distribution F; the Y; and the £; are mutually in-
dependent random variables; 3, is fixed block effect and additive.  No interaction between
o~
block and treatment effects is assumed,  The additional assumptions are [y dG(y) = 0 and
-0
[ w' dGly) = a? < oo, where the first does not cause any loss of generality. Then, we are

-0

interested in testing the hypotheses Hy : Gy) = { r: : z :g against Hy 1 (7(y) is member

of the class of nontrivial distribution lunctions.
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Let é( u) = Gy /A) be a class of nontrivial distribution functions for some small and positive
A, We note that the distribution is degenerate at zero is equivalent. to the statement that for
this class, & = 0, To derive a locally most powerful rank test for this design, we consider the
following hypotheses: Hy : A =0 against Ha 0 A > (L

3 The LMP Rank Test Statistic

The locally most. powerful rank test statistic for the balanced incomplete block design is derived
in this section.

Theorem 2 For the Balanced Incomplete Block Desyn Locally Most Powerful Rank Test for
Hy agamst Ha is given by : Reject Hy if A 2 K, where

£i3[8 s ) [ [ER)]

+¥

and f(, is determined by the level of significance o and d,; = 1 if i = j and 0 otherwise,
provided the following conditions are satisfied: (i) the density [ has a derivative that is absolutely
continuous over finite intervals, (i) £”(z) is continnons almost everywhere, (iii) [ ¥° dGly) < oo,
and (iv) £ (88X In f(X)| < sa

Proof, Consider the following quantity Aimo { ﬂi:"”—"‘%:r’-lw} Using the conditional
—
values of the ¥, we have P{Z = z|Ha) — P(Z = 2|Hqo) =

J o ] P(Z=2HaY) =51, Ye = 50)

P feme—ic

<
= P(Z = z|Ho.Ys = Gay oo Ye = 7)) [1 dG(F; /D). By letting u; = 5/A, § = e
J=1
Then P(Z = 2|Ha) - P(Z = 2|Ho) =

,- j I.P (Z = ilH.'Lt YI = A!h....,“ = Ay._)

NS femmoo
~ PUZ==HaYi = Ay, Vi = Sp) [T dGay).
=

Under the noll hypothesis, we know that the treatment effects are constant and equal;
therefare, conditioning of the Vs is irrelevant for the term.  We also have the independence
from block to block. Thus, the last integrand above can be written as

[P (29 = 2Ha,¥: = B, ... = Ay

=1

= 'ill [p (_Z_l-') = g‘“l"n)]
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Since P (_z_"l =2HaA Y = Ay, Ve = Ay,

3 ; .
fod el [f (wfz’ Ay y,-sm-.) 5,‘.'] ;

-0y <. <wicon =l

3 13 .
then letting 64 = 3 48 i and hy(8) = [T £ (wlf - A0k, we can find that
=1 b, m=1

[T [P (2% = 01Ha, % = A, .. Yo = 80.)] =

et ena me=1

- L3
5 [ J e n‘wﬂ’]'
i=l _(-\-":h.(l.,‘:'

Using Taylor cxpansion h,(A) = h(0) + Ah{0) + §A*A; (0) + 2A%[h] (A") - b (0)]. evalu-
ating the integrand back into the form at the beginning of the prool, applying the assumptions,
and fially applying the limit as A = 0, after dividing the result by A? we have La? (ﬁj° A

where A 3s the statistic in the Theorem.  We just simply ignore the term o ()" since it is
constant for any given b and k. =

4 Test for Logistic Scores

Let Bp be the ranks associated with observation getting j-th treatment in i-th block, ie.

i
Ris=-3 md,. pute Inthe case of logistic distribution, we have

mel

Q_ Crowin k 3
5 B [L00] 0 = £ B [1 - 2080) 00 = 1~ o
me b m=

where USy! is the meth order statistic from a standard uniform distribution in the sample of
size I for the i-th block.  One ean easily verify that

By (UA") = 327 avd Eq ( .‘.:’)2= AT

[t can be shown that the fiest term of A is equal to zero.  Then we have the following
Lemma,

Lemma 3 [n the case of Logistie distribution for the ervors, the test statistic becomes

c L] 2
Py L |
Av= F-:—m); b3 Ru] ~ PR

=1



339

Proof. As aspecial case of A and using the relation given in the beginning of this section we

e & & « 3 G 3
find that Ay = (Ffﬁ’ j):l Ef;R.,R,, ~kb{b—~1)or A = afnq B ( IRU) - El R;"J] -

g1 A
¢ & b e
kbih — 1) Using the fact that 3° 3" R% =30 3" RY = Mgi“—“l the result follows, w
1=1=] i=1y=1

The following theorems can be easily verified or proven,

Theorem 4 Ay and D are lincarly related, and this can be deseribed as Ay, = m%%fa—”[D -
e+ 1] 4 (r — b)bk

Theorem 5 Sitnee Ay 18 a lineay combination of 1), it has the same asymptotic properties as
D when Hy is true

Theorem 6 Durbin's test criterion is locally most powerful for Hy against alternatives in the
Dalanced wcomplete block design.

5 Asymptotic Distribution of A; Under H,

Let R, he the rank of X, . Note that 1%;; is distriboted uniformly under the null hypothesis.
Also note that By, Ry, ..., Ry, are independent and identically distributed on (1, ... k). Hence,

.
E(R;|Hy) = (k+ 1)/2 and Var(Ry|Ho) = (£* — 11/12. Consequently, l-Zl (R, - ‘—;—l] n

. " L -
N (U_ ru:z-n) for large b That is also \/Hlﬁ Y -4 L N
\ i1

c S— T g
Becanse of one linear constraint, namely )Z:' v T ._.Z, (R — &) =0, j; it

2
&
{): (R, - ‘-{Jl} 0y . Here we apply the theorem in Hajek and Sidak or Cochran’s
iwl

thearenm.

e b : 4
And as b and ¢ get. large 3 o { Y (R - ‘—%—'j} will have a standard normal distri-
=1 =1

,,.
bution when suitably standacdized,
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